, where E is an F-function space and L 0 ([0, 1]) the space of measurable functions with the topology of convergence in measure, to domains larger than E, and we study the properties of such domains. The main tool is the integration of scalar functions with respect to stochastic measures and the corresponding spaces of integrable functions.
Introduction
Let T : E → L 0 ([0, 1]) be a linear operator, where E is a function space and L 0 ([0, 1]) the space of measurable functions with the topology of convergence in measure. The aim of this paper is to study conditions on T and E that allow us to extend the operator T to domains larger than E and, in that case, to study the properties of such domains.
In the case when T : E → X with X (and also E) a Banach space, this problem has been considered in [7] , [9] , [12] . For the particular case of T the operator associated with Sobolev inequality and X a rearrangement invariant space, this study has been done in [8] , [10] ; and for T a convolution operator and X = L p (T), in [23] . In all of these cases, the main tool has been an X-valued measure ν canonically associated with the operator T and the corresponding space L 1 (ν) of scalar functions which are integrable with respect to ν. The integration theory for Banach space valued measures was developed by Bartle, Dunford and Schwartz, [3] , and Lewis, [16] , [17] . However, L 0 ([0, 1]) with the topology of convergence in measure is a complete metric linear space, but not locally convex. This case is essentially different from the Banach space case already studied, since the lack of duality precludes the use of the main ideas and techniques of the Banach space case. The adequate framework is to consider L 0 ([0, 1]) as an F-space (and, hence, also E). This allows us to use the theory for integrating scalar functions with respect to an F-space valued measure for the study of the extension of operators T : E → L 0 ([0, 1]). The paper is organized as follows. In § 2, we collect general facts on F-spaces and F-function spaces (F.f.s. in short); and recall the theory for integrating scalar functions with respect to an F-space valued measure developed by Turpin, [34] , [35] , Rolewicz, [25] , [26] , and Thomas, [32] . While the space L 1 (ν), for ν a Banach space valued measure, has been thoroughly studied (see, for example, [4] , [5] , [6] , [11] , [22] , [24] ), this is not the case when ν is an F-space valued measure. In § 3, we study properties of the space L 1 (ν) for a measure ν with values in a general F-space. Special emphasis is placed on the case of stochastic (i.e. countably additive L 0 ([0, 1])-valued) measures, which are better behaved due to the properties of L 0 ([0, 1]). In particular, we show that, for ν a stochastic measure, the space L 1 (ν) is a C-space whenever ν is positive (Theorem 3.5). It is a remarkable fact that, for ν a stochastic measure, the space L 1 (ν) always satisfies the bounded multiplier test (Theorem 3.7). We identify the class of all spaces arising as L 1 of an F-space valued measure, namely, it coincides with the class of all order continuous F.f.s. (Theorem 3.8) . In § 4, by applying the results of § 3, we show that, under certain conditions, an operator T : E → X can be extended to L 1 (ν), where ν is a measure canonically associated with T . Moreover, L 1 (ν) is the largest F.f.s. with order continuous F-norm to which T can be extended (Theorem 4.3). Particular attention is given to the case when T is a kernel operator. We end in § 5 by exhibiting several examples arising from classical analysis.
Preliminaries
2.1. A metric linear space is a vector space X (which we will consider over R) endowed with a metric d which renders continuous the operations of addition and multiplication by scalars. We can assume that the metric d is invariant under translation, that is, d(x + z, y + z) = d(x, y) for x, y, z ∈ X, since there is always an equivalent metric with this property; see [26, Theorem 1.
In this case, d(x, y) := x−y , x, y ∈ X, defines an invariant metric generating the topology of X. Conversely, if X is a metric linear space with an invariant metric Vol. 11 (2007) Optimal Domains for L 0 -valued Operators 401
If the topology generated by the F-norm is complete, X is said to be an F-space.
A Riesz space is a vector space X endowed with an order compatible with the linear structure, for which the supremum of any pair of elements exists. An F-lattice is an F-space X which also is a Riesz space, and where the F-norm and the order are compatible, that is, x ≤ y whenever x, y ∈ X with |x| ≤ |y|. An operator T between F-lattices is positive if T x ≥ 0 whenever x ≥ 0. Linear positive operators between F-lattices are always continuous. An F-function space over a finite measure space (Ω, Σ, λ) is an F-space E of (classes of) real measurable, finite λ-a.e. functions, satisfying:
This definition extends that of Banach function space given in [18, Definition 1.b.17] . Note that an F-function space is an F-lattice for the λ-a.e. order, and
where the inclusions are continuous. In particular, convergence in E of a sequence implies pointwise λ-a.e. convergence for some subsequence.
For topics on metric linear spaces, see [15] , [25] , [26] ; on Riesz spaces, see [1] , [19] . 2.2. We briefly recall the theory of integration of scalar measurable functions with respect to a vector measure with values in an F-space. This presentation is based on the common features of the work of Rolewicz, [25, §III.6] and [26, §3.6] ; Turpin, [34] and [35, Chp.7] ; and Thomas, [32] .
Let (Ω, Σ) be a measurable space, X an F-space and ν : Σ → X a countably additive vector measure, that is, ν satisfies that ν(A n ) converges to ν(∪A n ) in X, for every sequence (A n ) of disjoint sets in Σ. A measurable set A is ν-null if ν(B) = 0 for every measurable set B ⊂ A. Given a simple function ϕ = n 1 a i χ Ai , the integral of ϕ with respect to ν is ϕdν := n 1 a i ν(A i ) ∈ X. In order to extend the integral to bounded measurable functions it is sufficient (and necessary) that the integration operator ϕ ∈ S(Σ) → ϕdν ∈ X is continuous when we consider the topology of uniform convergence on the space S(Σ) of the simple functions. In this case, the integration operator is continuous from the space L ∞ (ν), of ν-essentially bounded measurable functions, to X. This condition is equivalent to the convex hull of ν(Σ), the range of ν, being bounded. Measures satisfying this property are called L ∞ -bounded measures. Although this condition may fail (see examples in [27] , [33] and [35, Theorem 7.4(c) ]), the measures for which it holds abound. Namely, this is the case for bounded measures (i.e. with bounded range) with values in an F-space satisfying the bounded multiplier test, that is, b n x n converges for all (b n ) ∈ ∞ whenever the series x n is unconditionally convergent. In particular, this is the case for measures with values in a Frèchet or a Banach space. All measures considered in this paper will be assumed to be L ∞ -bounded. A measurable function f is integrable with respect to ν if there exists a sequence of simple functions (ϕ n ) such that (i) ϕ n converges to f ν-a.e.
(ii) ϕ n h dν converges in X, for every h ∈ L ∞ (ν).
In this case, the integral of f is defined by fdν := lim ϕ n dν. If needed, we will also use the following notation ν(f ) = fdν. We denote by L 1 (ν) the space of integrable functions with respect to ν, where functions which are equal ν-a.e. are identified. In order to endow the space L 1 (ν) with a topology, we consider the semivariation of ν, that is, the mapν defined for measurable functions f bẏ
where · X is the F-norm on X. Note that ϕdν X ≤ν(ϕ) for every simple function ϕ. For A ∈ Σ, we denoteν(A) =ν(χ A ). Then, A ∈ Σ is ν-null if and only ifν(A) = 0. Let f, g, f n be measurable functions, the semivariation satisfies the following properties: 
is an F-lattice for the F-normν and the ν-a.e. order, and an ideal of measurable functions. A very important property of L 1 (ν) follows from the dominated convergence theorem: order bounded increasing sequences are convergent, that is,
, and this space coincides with the space of scalarly integrable functions; see [17, §5] .
Stochastic measures
We will focus our attention on the case when X is the particular space 
The topology generated is that of convergence in measure.
) be a countably additive measure, we will say in this case that ν is an stochastic measure. Talagrand, [31] , and Kalton, Peck and Roberts, [14] , have proved that ν is bounded, that is, 
, integrability with respect to a stochastic measure has a rich variety of equivalent conditions. Recall that a sequence (x n ) in an F-space X is a C-sequence if the series a n x n converges for every (a n ) ∈ c 0 . The space X is a C-space if, for any C-sequence (x n ), the series
) is a C-space, [29] .
Proposition 3.1. Let ν be an stochastic measure. For a measurable function f , the following conditions are equivalent:
(i) f is integrable with respect to ν.
(ii) There exists a sequence (ϕ n ) of simple functions converging to f ν-a.e., and satisfying that
Proof. (i) and (ii) are equivalent since ν takes its values in
, a space satisfying the bounded multiplier test; see [34, 2.15] .
Follows from the continuity of the integration map.
(iv) ⇒ (v) Follows from the Kolmogorov-Kintchine inequality:
(v) ⇒ (iv) Suppose there exist disjoint simple functions (g n ) with |g n | ≤ |f | ν-a.e. and (a n ) ∈ c 0 such that 
Suppose there exist disjoint simple functions (g n ) with |g n | ≤ |f | ν-a.e. and (a n ) ∈ c 0 such that a n g n does not converge in L 1 (ν). Then, there exist δ > 0, and
We have arrived at a contradiction.
, which is a C-space, and so
We have arrived at a contradiction. Consequently,
Remark 3.2. Condition (ii) is precisely the definition, by Bartle, Dunford and Schwartz, of integrability with respect to a Banach space-valued measure; [3] .
There is a particular class of vector measures for which we obtain special properties. Namely, the positive vector measures. Let X be an F-lattice and ν : Σ → X a vector measure, we say that ν is positive if ν(A) ≥ 0 (in the order of X), for all A ∈ Σ. Note that positive vector measures are always L ∞ -bounded. To see this let ν be a positive measure and ϕ = n 1 a i χ Ai a simple function, then
, and so the integration operator is continuous on the space of the simple functions with the topology of the uniform convergence. Since for a positive vector measure ν we have fdν ≥ 0, for every non-negative function f ∈ L 1 (ν), the following equivalent expressions for the semivariation of f ∈ L 1 (ν) hold: , there exist a control measure μ for ξ (which can be taken to be of Rybakov type, that is, μ = |x
For a general ν, the claim follows from X being continuously embedded in L 0 (Δ, Ξ, λ), and a result of Talagrand [31, Theorem B] , based in the ideas of Maurey in [20] : any measure with values in an space L 0 (Δ, Ξ, λ) has an equivalent control measure.
We present conditions on a positive measure ν guaranteeing that L 1 (ν) is a C-space. Proof. We will prove that L 1 (ν) is a C-space by showing that every C-sequence (f n ) ⊂ L 1 (ν) tends to zero; see [26, Proposition 3.10.3] . From (3.1) it follows that, for each A ∈ Σ, the sequence ( A f n dν) is a C-sequence in X. Since X is a C-space, Since ν and μ are equivalent,
and so, by the Kolmogorov-Kintchine inequality, we have that |f n | 2 converges μ-a.e., so f n → 0 μ-a.e. Applying Egoroff's theorem, for the δ > 0 given above, there exists Z δ ∈ Σ with μ(Z δ ) < δ and such that f n → 0 uniformly on Ω\Z δ . Then, for every A ∈ Σ, we have
G. P. Curbera and O. Delgado Positivity
Returning to the case of stochastic measures, from Remark 3.3, Proposition 3.4, and since L 0 ([0, 1]) is a C-space, we have the following conclusion. In general, the bounded multiplier test is not satisfied in F-spaces. It is a remarkable fact that for stochastic measures, the space L 1 (ν) always satisfies the bounded multiplier test. The following lemma, from [28] , is needed to proof this result. Proof. Let f n be an unconditionally convergent series in L 1 (ν). Given ε > 0, there exists n ε such that for every finite set M ⊂ N with min M > n ε we havė
2(1 + ε) .
Given (δ j ) with δ j = ±1 and m > n > n ε , set I + = {j : n ≤ j ≤ m, δ j = 1} and
Then, we have
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Applying Lemma 3.6 to our setting, we have, for (b j ) with |b j | ≤ 1,
for all m > n > n ε , (b j ) with |b j | ≤ 1 and ϕ with |ϕ| ≤ 1. Noting that the semivariation of ν for any function g ∈ L 1 (ν) can be written aṡ
it follows thaṫ
for all m > n > n ε and (b j ) with |b j | ≤ 1. Hence,
An important question is the following: What spaces arise as L 1 of an stochastic measure? A first simple example is the space
The next result characterizes the class of the spaces arising as L 1 (ν) for an F-space valued measure ν having an equivalent positive real measure.
Theorem 3.8. Let E be an order continuous F.f.s. over a finite measure space (Ω, Σ, λ). Then there exists an F-space valued measure ν such that E and L
1 (ν) are linear and order isomorphic, and isometric. Moreover, the measures ν and λ are equivalent.
Proof. Consider the set function ν : Σ → E defined by ν(A) := χ A for A ∈ Σ. It is clearly additive and, since E is order continuous, is countably additive. Note that ν is positive, so it is L ∞ -bounded. Any simple function ϕ satisfies ϕdν = ϕ. Thus,ν(ϕ) = ϕ E . In particular, ν(A) = χ A E so, λ and ν have the same null sets. Since the simple functions are dense in both L 1 (ν) and E (by order continuity of both spaces), the spaces L 1 (ν) and E coincide andν(f ) = f E for all f ∈ E. 
is isomorphic to 2 (since (a n ) ∈ 2 if and only if a n r n converges in measure, due to the independence of (r n )). Combining this fact with the measure
Optimal domain for L 0 ([0, 1])-valued operators
Let T be a linear operator defined on a F.f.s. E and with values in an F-space X. We look for conditions which allow us to extended T to a domain larger than E.
The main tool for this will be the X-valued measure canonically associated with T .
Proposition 4.1. Let E be an F.f.s. over a finite measure space (Ω, Σ, λ), X an F-space and T : E → X a linear operator. Suppose that T satisfies
is a countably additive, L ∞ -bounded measure, which is equivalent to λ. The space E is continuously included in L 1 (ν), and the integration operator with respect to ν extends T to L 1 (ν).
Proof. The set function ν is additive due to the linearity of T . Countable additivity of ν follows from condition (i) applied to χ An ↑ χ ∪An , when (A n ) ⊂ Σ is an increasing sequence. Since T ϕ = ϕ dν, for ϕ simple, condition (ii) implies that ν is L ∞ -bounded. By definition of ν, every λ-null set is ν-null. Condition (iii) implies that every ν-null set is λ-null. Hence, ν and λ are equivalent. Since T and the integration operator coincide on the simple functions, they agree also on
Since E is a lattice, it suffices to consider the case f ≥ 0. Let (ϕ n ) be a sequence of simple functions such that 0 
, and fdν = lim ϕ n dν = T (f ). Hence, E is contained in L 1 (ν) and the integration operator with respect to ν extends T to L 1 (ν). Note that the inclusion of E in L 1 (ν) is injective since ν and λ have the same null sets. This inclusion is continuous since it is a positive linear operator between F-lattices.
Remark 4.2. In Proposition 4.1 we have the following:
, condition (i) can be replaced by the weaker condition:
(ii) are satisfied.
The previous results allow us to establish an optimality property of the spaces L 1 (ν), which is adequately explained in the statement and proof of the next result. 
s. over (Ω, Σ, λ) to which T can be extended still taking values in X.
Proof. From Proposition 4.1 and Remark 4.2.(a), it follows that the integration operator with respect to ν extends T to L 1 (ν). Note that L 1 (ν) is order continuous and, due to (ii), it is an F.f.s. over (Ω, Σ, λ).
Let E be an order continuous F.f.s. over (Ω, Σ, λ), and T : E → X a continuous linear operator such that when restricted to L ∞ (λ) coincides with T . Then, from Proposition 4.1 and Remark 4.2.(b), and noting that the measureν given byν(A) := T (χ A ), for A ∈ Σ, coincides with ν, it follows that E is continuously included in L 1 (ν) and the integration operator with respect to ν extends T to L 1 (ν). . See [7] , [8] , [9] , for various aspects of the spaces [T, X] in the case when X is a Banach space. Proof. (a) Condition (i) implies ν X is well defined, and from condition (ii) it follows that ν X is countably additive. Moreover, ν X is L ∞ -bounded since it is positive.
inclusions being continuous. (c) If X is order continuous, then [T, X] is order continuous and
. Consider a sequence (ϕ n ) of simple functions with 0 ≤ ϕ n ↑ f . Then, by the Monotone Convergence theorem,
and a simple function ϕ with |ϕ| ≤ |f |, it follows that
. Applying the same argument to αf , we haveν X (αf ) ≤ |α|T |f | X → 0 whenever α → 0, and so 
Moreover, in this case the conditions of Theorem 4.7 are satisfied and, hence, all its conclusions hold. In particular, since 
Examples
We have already seen examples of stochastic measures such that the corresponding space L 1 (ν) is a Banach space (Remark 3.11), or an F-space (namely, L 0 ([0, 1])). Next we exhibit an example where the space L 1 (ν) is a Frèchet not Banach space. The following is an example, different from Remark 3.11, of a measure for which L 1 (ν) is a Banach space. In this case, the measure arises from a classical kernel. Thus, from (3.1) we haveν
On the other hand,
The previous examples can be extended by considering vector measures having a density with respect to a given vector measure. .2) it follows thatν h (ϕ) =ν(ϕh), for every simple function ϕ. From this equality, the proposition follows in a standard way. 
Proposition 5.3. Let X be an F-space and ν
Note that the identities between the above spaces are order isomorphisms. 
